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We demonstrate the in-line holography for soft x-ray vortex beam having an orbital angular
momentum. A hologram is recorded as an interference between a Bragg diffraction wave from a
fork grating and a divergence wave generated by a Fresnel zone plate. The obtained images exhibit
fork-shaped interference fringes, which confirms the formation of the vortex beam. By analyzing
the interference image, we successfully obtained the spiral phase distribution with the topological
charge ℓ = ±1. The results demonstrate that the in-line holography technique is promising for the
characterization of topological magnets, such as magnetic skyrmions.
A vortex wave function ψ = exp(iℓφ), where φ is the
azimuthal angle in cylindrical coordinates, is an eigen-
state of the orbital angular momentum (OAM) operator
Lˆz = −i~∂/∂φ with an eigenvalue ℓ~. Therefore, spiral-
ing wavefront of a particle provides an OAM around the
propagation axis, and the vortex beam is characterized
by the topological charge ℓ defined as
ℓ =
1
2π
∮
C
∇θ(r) · dr, (1)
where θ represents a phase distribution, and C represents
a closed loop surrounding the propagation axis. The rev-
elation of a vortex beam on visible light generated in
free space [1] has attracted significant interest in diverse
research fields [2], including super-resolution microscopy
[3], optical tweezers [4], and quantum information pro-
cesses [5].
Soft x-ray vortices have also been investigated for their
generation from undulators [6], spiral zone plates [7], and
diffractive optics [8]. Soft x-rays tuned to the absorption
energy of an element are widely used to investigate the
magnetic state of materials containing a 3d or 4f tran-
sition element owing to their high sensitivity to the spin
density of unoccupied states. Furthermore, soft x-ray
diffraction with coherent wavefronts is a suitable tech-
nique for the real-space observation of magnetic textures
[9–11]. Hence, soft x-ray vortices are expected to be a
new type of imaging probes or manipulating tools for
topological magnets, such as magnetic skyrmions [12–15].
Clarifying the phase distribution of vortex beams
would be crucial for characterizing and visualizing topo-
logical features, such as phase singularity, on the mag-
nets, with the use of soft x-ray vortices. However, it
is impossible to directly obtain the phase information of
soft x-rays by observing the intensity. For visible light, an
interference measurement can be performed to visualize
the phase distribution of vortex beam using optical ele-
ments such as beam-splitters and mirrors [16, 17]. Mean-
while, the lack of optical elements for soft x-rays, such as
a suitable mirror, renders it difficult to perform an inter-
ference experiment. Another interference method is in-
line (Gabor’s) holography, in which a reference wave and
a diffracted wave scattered by an object share the same
optical axis. The usefulness of this technique has been
demonstrated in electron vortex beams for obtaining spi-
ral phase distributions [18, 19]. Hence, in the present
study, we focus on observing of the phase information
of soft x-ray vortices generated by a diffractive optical
element via coherent soft x-ray in-line holography.
A vortex beam for the Laguerre-Gaussian mode [20]
with the zeroth radial index and an integer topologi-
cal charge ℓ = nb can be produced at the n-th Bragg
diffraction from a fork grating with a topological num-
ber b [21, 22]. Phase distribution in the fork grating is
expressed as
ϕ(ρ, φ) = bφ+
2π
d
ρ cosφ (2)
in the cylindrical coordinate (ρ, φ, z), with d being the
pitch of the grating far from the center (ρ = 0). The bi-
narized amplitudes corresponding to opaque and trans-
parent regions are
a(ϕ) =
{
1, if mod(ϕ, 2π) < π,
0, otherwise,
(3)
which results in a pattern shown in Fig. 1 (a) for b = 1.
The transmitted field u1 is calculated in the Fourier series
2FIG. 1. (a) Schematic of a fork grating with b = 1. (b) Scan-
ning electron microscopy image of the central part of the fork
grating. Ta metal (gray) is deposited on a membrane of Si3N4
used in this study. (c) Experimental setup for coherent soft
x-ray in-line holography. Incident x-rays are focused using a
Fresnel zone plate (FZP). The first-order diffraction from the
FZP is selected by order sorting aperture (OSA) placed at
the focal point. The zeroth direct beam was stopped by a
center stop on the FZP and the OSA. The Bragg diffraction
waves, which occurred at the fork grating located downstream
of the focal point, interfered with waves transmitted outside
the grating. (d) Diffraction pattern from fork grating with-
out interference, which shows the diffraction up to the fourth
order.
as
u1 = u0a(ϕ) = u0
∞∑
n=−∞
Ane
−inpi
2 einϕ (4)
with
An =
sin(nπ/2)
nπ
(5)
and the incident field u0 = u0(ρ, φ) [23]. The far field
diffraction output u2 is derived from the Fourier trans-
form F [u1], which results in
u2(fx, fy) ∝
∞∑
n=−∞
u0e
in(bφkn+
pi
2
(b−1))AnJnb(ρkn), (6)
where (ρkn, φkn) denotes the cylindrical coordinate with
(fx, fy) = (2πn/d, 0) as the origin. Jnb(ρkn) can be cal-
culated as
Jnb(ρk) =
∫ a
0
ρJnb(ρkρ)dρ (7)
with the n-th Bessel function of the first kind Jnb(x),
and the radius of the grating a. The result indicates that
the diffracted wave at the n-th Bragg diffraction has an
OAM with Lz = ℓ~ = nb~.
The soft x-ray diffraction measurement does not pro-
vide any information about the phase factor eiℓφk as only
the intensity I = |u2|
2 is observable. Therefore, we ob-
served the interference between diffracted waves and the
divergent waves from the Fresnel zone plate (FZP), as
shown in Fig. 1 (c), which illustrates the schematics for
the in-line holography setup. Soft x-ray experiments were
performed at soft x-ray undulator beamlines BL-13A and
BL-16A of the Photon Factory, KEK, Japan. The wave
length of soft x-ray was tuned at λ = 1.6 nm, which ide-
ally resulted in a focal length of 1.5 mm via the FZP
with outer and center beam stopper radii of 60 µm and
30 µm, respectively. The higher diffractions from the
FZP were filtered by an order sorting aperture (OSA)
with a radius of 5 µm located at the focal position of the
FZP. A fork grating with b = 1 was made from Ta metal
with the thickness of 300 nm deposited on the membrane
of Si3N4. Figure 1 (b) shows the scanning electron mi-
croscopy image of the grating. The grating has a nominal
200-nm period and a radius of a = 2.5 µm. Not pattern-
ing outside the grating enables the reference waves to
pass through the grating and interfere with the diffracted
waves. The diffraction pattern was recorded using an in-
vacuum CCD camera (PMI2048, 2048 × 2048 pixel, pixel
size 13 µm, Teledyne Princeton instrument) installed at
a distance of z2 = 220 mm from the focal position.
Figure 1 (d) shows the diffraction pattern from the
fork grating placed at the right part of annular diffrac-
tion from the FZP. In this case, the diffraction from the
grating is observed without superimposing on the trans-
mitted waves. From the first to fourth Bragg diffraction,
each exhibits a ring-like intensity distribution, which is
characteristic of vortex beams, and would have an OAM
of Lz = n~. Based on Eq. (5), the diffraction of n =
2, 4 should vanish, provided that the grating forms an
ideal square wave. The appearance of even-number or-
der Bragg diffraction is likely because the widths of the
transparent and opaque regions do not match perfectly.
Figure 2 (a) shows the diffraction pattern when the
grating is placed at z1 = 680 µm away from the focal
point and on the up-side of the annular diffraction waves
from the FZP. In this case, interference pattern is ob-
served because the first diffraction from the grating over-
lapped with the waves from the FZP. Intensity modula-
tions along the horizontal orientation are shown clearly,
which can not be observed in the absence of interference.
In addition, upper half of the diffraction pattern contains
3FIG. 2. (a) Experimental result of the in-line holography for
the diffraction of the vortex beam interfering with the trans-
mitted reference beam. Dashed circles indicate fork-shaped
patterns appearing at Bragg diffractions with ℓ = −1 and
ℓ = +1. The length of the scale bar represents the angle of 5
mrad measured from the fork grating. (b) Simulated interfer-
ence pattern from a fork grating with b = 1, and that from a
rectilinear grating (b = 0) is shown in the inset.
an additional stripe compared with the lower half, and
then a fork-shaped pattern appears at the center. Such a
pattern implies the formation of vortex beams with the
phase rotating from 0 to 2π along the azimuthal angle di-
rection. We simulated an interference pattern using the
scaled Fast Fourier transform method [24], assuming an
ideal FZP and a fork grating with b = 1. Figure 2 (b)
shows the simulated interference pattern, which agrees
reasonably well with the experimental result. Further-
more, we simulated the case for a rectilinear grating (b
= 0) as shown in the inset of Fig. 2 (b), confirming no
fork-shaped pattern at the center.
As similar intensity patterns have been observed in vis-
ible light and electron vortex beams [16, 19], it is known
that such interference patterns require a reference beam
from an incline direction. To gain a further understand-
ing of the intensity distribution shown in Figs. 2 (a) and
2 (b), we performed an analytical calculation assuming
a divergent wave from a point light source at the focal
position of the FZP. It was assumed that a point source
existed at the origin, and the grating within the z = z1
plane as well as the detector within the z = z2 plane in
the Cartesian coordinates as shown in Fig. 1 (c). The
direct light field ud2 at the detector plane (x2, y2, z2) is
expressed as
ud2(x2, y2, z2) =
u0e
ikr2
r2
∼
u0
z2
e
ik
(
z2+
x2
2
+y2
2
2z2
)
, (8)
where r2 is the distance between a detection point and
the point source; furthermore we used the paraxial ap-
proximation (x22 + y
2
2 ≪ z
2
2). The diffracted wave from
the grating ug2(x2, y2, z2) is expressed as
ug2(x2, y2, z2) = −
i
λ
∫∫
G
eikr
r
u1(x1, y1)dx1dy1, (9)
with G denoting the integral within the grating region,
and r =
√
(x′1 − x2)
2 + (y′1 − y2)
2 + (z1 − z2)2 denoting
the distance between a detection point and a position
Q = (x′1, y
′
1, z1) on the grating where a x-ray passes
through. The diffraction pattern of these two waves can
be calculated as
I(x2, y2) = |u
d
2|
2 + |ug2|
2 + ud2u
g∗
2 + c.c., (10)
where c.c. represents the complex conjugate. The inter-
ference term of the n-th Bragg diffraction from the fork
grating with b = 1 is calculated as
I intern = 2Cn|J
′
n| sin {kR2 + nφfn + αn} , (11)
with Cn = 2Anπu
2
0/{λz1z2(z2 − z1)},
J ′n(ρfn) =
∫ a
0
eif0ρ
2
ρJn(ρfnρ)dρ ≡ |J
′
n(ρfn)|e
iαn ,
(12)
and
R2 =
z1
2z2(z2 − z1)
{(
x2 −
z2
z1
xg
)2
+
(
y2 −
z2
z1
yg
)2}
,
(13)
where (ρfn, φfn) is the local cylindrical coordinate with
(x2n, y2n) = (z2xg/z1 + 2nπ(z2 − z1)/kd, z2yg/z1) as the
origin, which corresponds to the center of the n-th Bragg
diffraction, and (xg, yg, z1) is the center of the grating.
The integral in Eq. (12) is different from that in Eq. (7)
in terms of the factor of eif0ρ
2
with f0 = kz2/2z1(z2−z1),
which originates from the near-field diffraction, i.e. the
Fresnel diffraction [25]. Eq. (11) includes the term of
nφfn = ℓφfn in the sine function, which imposes the spi-
ral phase information on the observable intensity, thereby
resulting in the fork-shaped pattern at the center of the
diffraction. R2 varies in the radial direction from the
zero-order diffraction, which produces stripe-like inten-
sity modulations along the horizontal direction. Further-
more, the αn(ρfn) results in modulations in the radial
direction from (x2n, y2n), which is independent of the az-
imuthal angular direction. These features are observed
in both the experimental and simulated results.
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FIG. 3. (a)(b) Contour of the absolute value of I ′
n
obtained
by the way described in the text for Bragg diffractions with
(a) ℓ = −1 and (b) ℓ = +1, which are shown in Fig. 2 (a).
(c)(d) Spiral phase distribution for (c) ℓ = −1 and (d) ℓ = +1
vortex diffraction waves.
The Fourier transform F of the n-th Bragg diffraction
In is expressed as
F [In(x2, y2)] = G
0
n(0, 0) +G
+
n (qx, qy) +G
−
n (−qx,−qy)
(14)
where G0n and G
±
n are derived from non-interference and
interference terms, respectively, and qx = 2πnz1/dz2,
qy ∼ 0. The spiral phase distribution for the ±n-th
diffraction from the grating with b = 1 can be extracted
by filtering G±n (qx, qy), followed by the inverse Fourier
transform F−1, and multiplying the term e−ikR2 , as fol-
lows:
I ′±n = e
−ikR2F−1[G±n ] (15)
= −iCn|J
′
n(ρf,±n)|e
i(±ℓφf,±n+α±n), (16)
with the double sign in the same order. Figures 3 (a) and
3 (b) present absolute values of I ′n for the Bragg diffrac-
tion obtained in our experiment, where the stripe-like
intensity modulation vanished for both cases. The inten-
sity patterns are similar to those of the Bragg diffractions
for ℓ = ±1 without interference, as shown in Fig. 1 (d),
in which a singularity appeared at the center owing to
the term of |J ′n|. Furthermore, we successfully obtained
the spiral phase distribution for ℓ = −1 and ℓ = +1 vor-
tex beams by extracting the phase term of I ′n, as shown
in Figs. 3 (c) and 3 (d), respectively, where the rotat-
ing direction is reversed between the ℓ = ±1 diffraction
waves. In addition, the phase modulation in the radial
direction due to the term of eiα±n yielded Fermat’s spiral
like pattern as observed, which originates from the use of
a divergent light source.
To summarize, we successfully observed the intensity
and phase distributions for soft x-ray vortex beams gener-
ated by fork grating via in-line holography. Our results
are expected to pave the way for topological magnetic
materials research using the soft x-ray OAM beam, in-
cluding visualization of the topological features via co-
herent soft x-ray diffraction imaging.
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